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Real-space finite-difference (RSFD) method

• the space is divided into equal-
spacing grid points,

• the wave function and potential are
defined at the grid points,

• the kinetic operator is approximated
to a finite-difference formula, e.g.,
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References of the RSFD approach, .e.g.,
J. R. Chelikowsky et al., Phys. Rev. B 50, 11355 (1994),
T. Ono & K. Hirose, Phys. Rev. Lett. 82, 5016 (1999),
T. Ono & K. Hirose, Phys. Rev. B 64, 085105 (2001),
T. Ono & K. Hirose, Phys. Rev. B 72, 085105 (2005),
T. Ono & K. Hirose, Phys. Rev. B 72, 085115 (2005).

Wave function ψijk is defined 
at grid point (xi yj zk)

zk zk+1 zk+2zk-1zk-2 ･･････

(xi yj zk) (xi+1 yj zk)(xi-1 yj zk)
hz

z

x
y

z=

• no use of a basis-function set

The RSFD method is:
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The grand-state electronic structure is obtained by solving
the Schrödinger (Kohn-Sham) equation



Arbitrary boundary condition is available.

Supercell

Repeated slab model
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Conventional plane-wave method RSFD method

Advantages of RSFD (1)

The boundary condition infinitely continuing to bulk is available.

bulk



Advantages of RSFD (2)
Advantageous on massively parallel computers.
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 H2O Cluster (96 stoms)
 Si bulk (1000 atoms)

Bluegene@Juelich (JUBL)

Example: Peapod C180@(20,0)CNT (500 C atoms/supercell)

φCNT: +4%    φC180: -6%(lateral), +1%(longitudinal)
by encapsulating fullerene.

Computed by
2048CPUs of JUBL
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Displacement along coordinate axis (units of h).

As atom is displaced relative to the grid along a
coordinate axis, total energy shows absurd
d e p e n d e n c e o n t h e p o s i t i o n o f t h e
atom.

Displacement along the coordinate axis
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Grid point Grid point

Atom

Oxygen atom is displaced relative to the 
grid along a coordinate axis.

Example the case of oxygen atom

Egg box effect

h



Prescription for egg box effect
1. Filtering the sharp components of pseudopotential(PP)

2. Implementing the integrations using denser grids

•Fourier Filtering + Termination of PP
[R.D. King-Smith, M.C. Payne, & J.S. Lin PRB44 13063 (1991).]

Ignore the coefficients of large wave vectors using Fourier transform.
Vanish the pseudopotential at the cutoff radius.
Sometimes degrade transferability.
Tuning of the filtering parameter is important.

•Increase the cutoff radius
Obviously degrade transferability.

•Double-Grid Technique
[T. Ono & K. Hirose, PRL82 5016 (1999); PRB72 085115 (2005)]

Use denser grids in the vicinity of nuclei.

•Adaptive Coordinates
[F. Gygi & G. Galli, PRB52 R2229 (1995)]

Use adaptive curvilinear coordinate.
Tuning of the coordinate parameters is indispensable. 
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Image of double grid

x

●

: coarse-grid points

: dense-grid points

circle: cutoff region of
pseudopotential
of atom

exactly defined on
both coarse- and
dense- grid points

defined only on
coarse-grid points

Wave functions are interpolated as following

xi :indexes of dense-grid points
Xi :indexes of coarse-grid points

Then

W(XI)
“W" does not depend on wave functions
but only on pseudopotentials.

The summation for numerical

Σ Σ
i I

over dense grid over coarse grid

Timesaving double grid method
T. Ono and K. Hirose, Phys. Rev. Lett. 82, 5016 (1999); Phys. Rev. B 72, 085115 (2005).
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Displacement along coordinate axis (units of h).

Grid point

Oxygen atom is displaced relative to the 
grid along a coordinate axis.

Example the case of oxygen atom
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 (a) with double grid
 (a) without double grid
 (b) with double grid
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Energy variation of CO2

Model (a)

Model (b)

located at the center between 
adjacent coarse-grid planes

located on the coarse-grid planes

C atom
O atom

Efficiency of the double grid









Overbridging boundary matching (OBM) method

Where Ψ(zk) and Φ(zk) are M2 columnar vectors defined by ψ (r//,zk) and φ (r//,zk)
on the plane z=zk, respectively. (M2 is the number of grid points on xy plane.)
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Scattering boundary condition :
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Scattering regionLeft bulk Right bulk

incident wave

transmitted waves
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reflected waves

[ ] .),(),(),(),(),()( )(
,,22

)(
,12

)(
,1

)(
,,11

)()( t
kMM

traref
k

traref
k

traref
kM

traref
k

traref
k

traref zrzrzrzrzrz φφφφφ =Φ



1

0

1

2

1

ψ
0

0
ψ

)(

ψ
ψ

ψ
ψ

1

+

−

−−=

mm

m

B

B

HE








The Kohn-Sham eq. in the area ( z=1 ～ m ) covering over the nanostructure region
is written in a matrix form:

E - H

Ψm

G is Green function carrying all the information about the nanostructure region.
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Then, Ψ1 and Ψm are expressed in 
terms of Ψ0 andΨm+1 as
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block tridiagonal matrix

Ψ0B†

Ψm+1B

Overbridging Boundary-Matching (OBM) method

(1)



Overbridging boundary matching (OBM) method
Scattering regionLeft bulk Right bulk

incident wave

transmitted waves

Ψ(z0) Ψ(zm+1)

reflected waves
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where gij is the block matrix of green function of the transition region determined by
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OBM formula to obtain transmission (reflection) coefficient Ctra (Cref) :

.

E–Htran is also sparse matrix in the RSFD, the algorithm to compute the Green functions
is easy to be parallelized using conjugate gradient method.
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We next derive the formula to determine the wave functions in the bulk region 
where the potential is periodic along the z direction. 

unit cell
Along the same line mentioned above,
we obtain the relation
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The other restriction is the generalized Bloch condition due to the periodicity
along the z direction: and )( M
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Here                  , where kz  is complex number and L is the z length of the unit cell. Lzikeλ =
From Eqs. (1) and (2), we obtain generalized eigenvalue equation
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Calculation method of the bulk wave functions
(generalized Bloch functions) Φ in the bulk



The Au bulk

The higher cutoff energy is taken, the more numerical errors accumulate!

Numerical limitation of the generalized eigenvalue equation
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In terms of the matrix 
made of reflection wave functions
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In terms of the matrix 
made of transmission wave functions

The ratio matrices, which correspond to logarithmic derivatives mathematically,
include the ratios of evanescent waves at two adjacent zk points, being free from
numerical errors caused by evanescent waves. 
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The way to overcome the numerical difficulty caused by evanescents
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Inserting Eqs. (7) and (10) into Eq. (1), we obtain the final form of our overbridging
boundary-matching (OBM) formula in terms of the ratio matrices R’s

output
input values

incident propagating Bloch wave

(7) (10)
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The way to overcome the numerical difficulty caused by evanescents
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not via the calculation of evanescent waves themselves
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The solution R of the continued-fraction eq. under the constraint
can always be determined in a self-consistent manner.
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Overbridging boundary-matching 
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From Eq. (1), we obtain

Inserting Eq. (13) into Eq. (12),
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Les

Variation of the conductance 
w.r.t. electrode spacing Les

Computational Model

h
e2

0
2G =

Quantized unit of conductance

Y. Egami, T. Sasaki, T. Ono, and K. Hirose, Nanotechnology, 16, S161 (2005).

Example 1: Conduction properties of sodium nanowires



Les=15.0

Les=16.4

Current density distribution



Example 2: Al nanowire under elongation

For the nanowire made of monovalent atoms, 
the trace of the electronic conductance 
exhibits plateaus.

L. M. Krans et al., 
Nature 375, 767 (1995)

Na

Al
For the nanowire made of multivalent atoms, 
the trace of the electronic conductance 
exhibits convex downward curves.
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G
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Electrode spacing 
J. Mizobata, A. Fujii, S. Kurokawa and A. Sakai,
J. Jpn. Appl. Phys. 42, 4680 (2003)

Experimental background



3-atom aluminum nanowire

<010>

<001>
<100>

Les

Al(001)
crystal
electrode

Al(001)
crystal
electrode

Length of electrode spacing

•Grid spacing 0.33 Å (Cutoff energy 25 Ry)
•Periodic boundary conditions are imposed at x and y directions.
(The cell size is Lx=8.0 Å and Ly=8.0 Å.)

•Electrode spacing (average interatomic distance)
13.00Å<Les<15.34Å (2.50Å<dav<3.67Å).

•Only atom locates at the center of the nanowire 
is optimized on (110) plane by molecular-dynamics simulation

•Norm conserving pseudopotential (NCPS97) is adopted.

Computational conditions

(dav=2.75 Å is the nearest neighbor atomic distance in Al crystal.)

T. Ono and K. Hirose, Phys. Rev. B 70, 033403 (2004).



Les =13.00 Å

Current-electron distribution Les  ( Å )
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Conductance of Al nanowire

Les =13.34 ÅLes =13.67 ÅLes =14.00 ÅLes =14.34 ÅLes =14.67 ÅLes =15.00 Å



Les  ( Å )

Co
nd

uc
ta

nc
e 

(G
0)

Co
nd

uc
ta

nc
e 

(G
0) 1.0

0.0
Les

Experiment

• The conductance before breaking is approximately 1 G0 in both
experimental and theoretical studies.

• The plateau is not flat but show a convex downward curve.

Theory
J. Mizobata, A. Fujii, S. Kurokawa and A. Sakai,
J. Jpn. Appl. Phys. 42, 4680 (2003)

Conductance of Al nanowire



L es =13.00 Å L es =13.67 Å

L es =14.34 Å L es =15.00 Å

Electric current flows

• Incident electrons predominantly enter the bent wire along the atom rows in the 
[011] and [101] directions, flow through the px and py orbitals of the center 
atom, and consequently form loop current rotating around the center atom.



Example 3: Leakage current through silicon oxide films

Metal Oxide Semiconductor Field Effect Transistor
(MOSFET)

VLSI (very large scale integration) technology is in need 
of an atomic scale understanding of issues arising from 
the miniaturization of silicon devices.

The understanding and control of leakage current of the 
Si/SiO2 interface are key subjects.

tunneling
electron

Gate

Semiconductor

Insulator

Semiconductor

T. Ono, Phys. Rev. B 79 195326 (2009).



Computational Model

Si : 38 atoms

O : 33 atoms

Total: 71 atoms

1.44nm

0.75nm

H. Kageshima & K. Shiraishi, PRL, 81, 5936(1998).
3ML α-quartz(001) Si/SiO2 interface.

Jellium Electrode
(Aluminum)

Jellium Electrode
(Aluminum)



Hydrogen Atoms in Si/SiO2

Si O H

The silicon oxidation process with 
annealing in oxygen ambient makes lots 
of O vacancies in the film.(~1012/cm2)

Annealing of the SiO2 films in hydrogen 
ambient reduces the defects in SiO2 films 
and at the interface. (109~1010/cm2)

The terminating H atoms are released by 
hot electron in real devices.

The dangling bonds degrade the dielectric 
reliability and the device performance.



Oxidation process of silicon surface

Si atoms are emitted even when the number of inserted O atoms is 5.
But, vacancies become interface defects.

H. Kageshima & K. Shiraishi, PRL, 81, 5936(1998).

Stress is released by 
emission of silicon atoms.

Insert oxygen atom 
between Si-Si bonds

Si O H

Formation energy of Si vacancy

without any dangling bonds



Defects Included at Interfaces

(a) Without defects
(b) O at the interface is replaced by H
(c) Dangling bond in (b) is terminated by H
(d) O at the second layer of the interface is replaced by H

(H terminates the dangling bond of upper Si)
(e) O at the second layer of the interface is replaced by H

(H terminates the dangling bond of lower Si)
(f) Dangling bond in (d) or (e) is terminated by H

(a) (b) (c) (d) (e) (f)

Si O H

Defect density in our models:  ~1014/cm2

Defect density in real devices:  ~1012/cm2



Leakage Current

Si O H

1 : 3.9      : 0.9  : 12.6      :  534    : 1.6
leakage current

The leakage current becomes high in the models with dangling bonds and low in 
the models where the dangling bonds are passivated.

The defects in the insulator film affects to leakage current larger than that at the 
interface.

(a) (b) (c) (d) (e) (f)



Charge Distributions of Scattering Waves from Lower Electrode

(b)(a) (c)

e e e

HighLow

(d) (e) (f)

e e e

The incident electrons penetrate into insulator films via the defects.
The H atoms terminating dangling bonds play barriers for incident electrons to penetrate.

Density



Local density of states at the interface

Transmission probability increases linearly with respect to the lateral width of the 
defect states, while it grows exponentially with respect to the vertical length.

Electrons can penetrate easily because defect state of Model (e) extends vertically.

density

high

low

The density of states is integrated on plane parallel to interface 
as functions of relative energy from the Fermi energy.



Double-bonded monomer

Single-bonded monomer

Double-bonded dimer

Single-bonded dimer

•Grid spacing 0.21 Å (Cutoff energy 61 Ry)
•Periodic boundary conditions are imposed at x and y directions.
(The cell size is Lx=11.43 Å and Ly=11.43 Å.)

•The distance between jellium electrode and
edge atom of the C 20 chain 0.53 Å.

•Atoms of the C20 molecules are optimized by
molecular-dynamics simulation.

•Norm conserving pseudopotential (NCPS97) is adopted.

Computational conditions

Example 4: Conductance of C20 wires
M. Otani, T. Ono and K. Hirose, Phys. Rev. B 69, 121408 (2004).



(G0)
Monomer Dimer

double single double single

total 1.57 0.83 0.18 0.17

ch.1 0.47 0.36 0.16 0.07

ch.2 0.47 0.18 0.01 0.06

ch.3 0.35 0.17 0.00 0.03

ch.4 0.20 0.06 0.00 0.01

Conductances and channel transmissions

• The number of C20 molecules between the electrodes largely affects the electron 
transport behavior.

• The difference in the conductance between the two monomer models is caused by 
the number of atoms facing the jellium electrodes.

• The higher conductance of the single-bonded dimer is consistent with the previous 
calculation that the band gap of an infinite single-bond chain is significantly 
smaller than that of a double-bonded one.



Charge distribution of the incident electron

Current electron density
low high

Double-bonded monomer

Single-bonded monomer Single-bonded dimer

Double-bonded dimer

• Electron currents are found to pass along the C-C bonds, and not to directly cross 
through inside of the C20 cages.

• Backscattering of incident electrons occurs at both the C20-electrode interfaces and 
the C20-C20 junctions of the dimers, while reflection seldom takes place within the 
C20 molecules.



HOMO HOMO

LUMO LUMO

Double-bonded Single-bonded

From Y. Miyamoto and M. Saito Phys. Rev. B 63 , R161401 (2001).

Band structure of infinite wires

0.7 eV 0.2 eV



•Grid spacing 0.26 Å (Cutoff energy 39 Ry)
•Periodic boundary conditions are imposed at x and y directions.
(The cell size is Lx=16.32 Å and Ly=16.32 Å.)

•The distance between jellium electrode and
edge atom of the C 60 chain 0.53 Å.

•Atoms of the C60 molecules are optimized by
molecular-dynamics simulation.

•Norm conserving pseudopotential (NCPS97) is adopted.

Computational conditions

Example 5: Conductance of C60 wires

monomer dimer

T. Ono and K. Hirose, Phys. Rev. Lett. 98, 026804, (2007).



Charge distribution of the incident electron

Current electron density
low high

• Electron currents are found to pass along the C-C bonds, and not to directly cross 
through inside of the C60 cages.

• Backscattering of incident electrons occurs at both the C60-electrode interfaces and 
the C60-C60 junctions of the dimers, while reflection seldom takes place within the 
C60 molecules.

monomer dimer

1.13 G0 0.11 G0Conductance

Situation is similar to that of C20 chains!



Conductance of Li@C60 chain

0.11 G0

Li@C60 dimer

?? G0

Li atom are encoupsuled in the C60 cages.

The conductance of C60 dimer is quite low.
How much conductance of Li@C60 dimer is?

C60 dimer

0.88 G0



Density of states in C60 and Li@C60 wires

The DOS of the fullerene dimer at the Fermi level increases by inserting Li atom in 
the cage.

density:
low high

( ) ∫∫= dxdyErEz 2),(, ψρ



A single strand of gold atoms suspended 
between electrodes manifests conduct-
ance quantization in steps of G0(=2e2/h) 
as electrode spacing is increased.

Recently, Takayanagi et al. found gold 
helical wires consisting of several atomic 
rows by TEM.

From Y. Kondo and K. Takayanagi, Science, 
289, 606 (2000)

7-1 wire 11-4 wire

• How high the conductances of these
wires are?

• Where do electrons flow?

Electrode spacing
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Au

5

0

10

From Rubio et al., PRL, 76, 2302 (1996)

Example 6: Helical gold nanowire
Experimental background



Synthesis and Characterization of Helical Multi-Shell Gold Nanowires

Y. Kondo and K. Takayanagi, 
Science, 289, 606 (2000)



Computational model

Au helical wire suspended between Au jellium electrodes

Ljes

•Grid spacing is 0.48 Å. (Cutoff energy 12 Ry)
•Periodic boundary conditions are imposed at x and y directions.
(The cell size is Lx=21.2 Å and Ly=21.2 Å.)

•Jellium electrode spacing is Ljes=27.1 Å.
(Equal to the electrode spacing 28.6 Å of Au(110) electrodes)

•Gold atoms are treated by the local pseudopotential.
(Only 6s electrons are considered.)

Computational conditions

x

y

z

Au jellium
electrode

Au jellium
electrode

T. Ono and K. Hirose, Phys. Rev. Lett. 94, 206806 (2005).



Several helical wires are inserted between electrodes.

Single-row wire

7-1 wire

11-4 wire

13-6 wire

14-7-1 wire

15-8-1 wire

Computational model



 Single-row wire 7-1 wire 11-4 wire  13-6 wire 14-7-1 wire 15-8-1 wire 

Conductance 0.96G0 5.19 G0 9.08 G0 11.97 G0 13.82 G0 14.44 G0 

1st ch 0.958 0.997 1.000 0.996 1.000 1.000 

2nd ch --- 0.995 0.991 0.992 0.999 0.996 

3rd ch --- 0.970 0.986 0.982 0.991 0.991 

4th ch --- 0.938 0.890 0.978 0.984 0.982 

5th ch --- 0.653 0.884 0.962 0.959 0.975 

6th ch --- 0.640 0.874 0.958 0.947 0.954 

7th ch --- --- 0.753 0.940 0.94 0.942 

8th ch --- --- 0.748 0.878 0.927 0.931 

9th ch --- --- 0.620 0.872 0.893 0.899 

10th ch --- --- 0.517 0.744 0.888 0.891 

11th ch --- --- 0.497 0.735 0.881 0.841 

12th ch --- --- 0.318 0.706 0.867 0.834 

13th ch --- --- --- 0.618 0.770 0.732 

14th ch --- --- --- 0.383 0.700 0.691 

15th ch --- --- --- 0.200 0.542 0.645 

16th ch --- --- --- 0.002 0.527 0.595 

17th ch --- --- --- --- --- 0.537 

 

Conductances and channel transmissions

• The number of conduction channels in the single-row nanowire is one and the conductance 
is 1 G0.

• The number of conduction channels in the nanowires does not correspond with the number 
of atom rows forming the HGNs.



Current charge distribution in Au nanowire

Single-row wire

1 ch. of 7-1 wire

3 ch. of 7-1 wire

4 ch. of 7-1 wire

プレゼンター
プレゼンテーションのノート




Magnetic field induced by the current

7-1 wire

11-4 wire

15-8-1 wire



Example 7: Tunnel current in STM

• H-adsorbed Si(001) and Al tip are suspended 
between semi-infinite Al jellium electrodes.

• The distance between the edge of the tip and the 
top-most Si atom of the surface is set to be ~5 Å.

Al tip

Al jellium

Al jellium

Side view Top view

Si atom

H atom

Al atom

T. Ono, S. Horie, K. Endo and K Hirose, Phys. Rev. B 73, 245314 (2006).



STM image of H-adsorbed Si(001)

From Y. Wang et al., J. Vac. Sci. Tech. A, 12, 2051 (1994)

H-adsorbed dimers are observed to be geometrically lower than bare dimers 
in the topographic image, although the H atoms locate above the bare dimers.

Si atom

H atom

geometry

Experimental background



STM image of Si(001) surface

Y. Wang et al., J. Vac. Sci. Tech. A, 12, 2051 (1994).

Theoretical result
(Current image)

tunnel
current

T. Ono, S. Horie, K. Endo and K Hirose, Phys. Rev. B 73, 245314 (2006).

geometry

Experimental result
(Topographic image)

Since the tip must approach closer to the sample surface in order to achieve the 
constant tunnel current, the H-adsorbed dimer looks geometrically lower than the 
bare dimer in the STM, which agrees with the experimental results



Tunnel current charge distributions

Cross section

At bare dimer At H-adsorbed dimer

• The π states of bare dimer affect the tunnel current.
• Certain amount of charge is observed around the H-adsorbed dimer.

プレゼンター
プレゼンテーションのノート




Tunnel current distributions

Cross section

At bare dimer At H-adsorbed dimer

• Although certain amount of charge distributions is observed around the 
hydrogen adsorbed dimer, the current distribution around the dimer is small.

• There is certain contribution from the π bonding state to the tunnel current 
even when the tip locates above the hydrogen adsorbed dimer.



STM image of H-adsorbed Si(001)

At H-adsorbed dimer

2

0

Å 1 Å

0.6 Å

Y. Wang et al., J. Vac. Sci. Tech. A, 12, 2051 (1994).

The contribution of the p state of the adjacing bare dimer leads the STM image 
where the H-adsorbed dimer neighboring to the bare dime appears geometrically 
higher than those sandwiched between H-adsorbed dimers in the [010] direction.
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